Abstract-Motivated by the problem of controlling walking in a biped with series compliant actuation, this paper develops two main theorems relating to the stabilization of periodic orbits in systems with impulse effects. The first main result shows that when a periodic orbit of a system with impulse effects lies within a hybrid invariant manifold, there exist local coordinate transforms under which the Jacobian linearization of the Poincaré return map has a block upper triangular structure. One diagonal block is the linearization of the system as restricted to the hybrid invariant manifold, also called the hybrid zero dynamics. The other is the product of two sensitivity matrices related to the transverse dynamics-one pertaining to the impact map and the other pertaining to the closedloop vector field. When either of these sensitivity matrices is sufficiently close to zero, the stability of the return map is determined solely by the stability of the hybrid zero dynamics. The second main result of the paper details the construction of a hybrid invariant manifold, such as that required by the first main theorem. Forward invariance follows from the methods of Byrnes and Isidori, and impact invariance is achieved by a novel construction of impact-updated control parameters. In addition to providing impact invariance, the construction allows entries of the impact sensitivity matrix of the transverse dynamics to be made arbitrarily small. A simulation example is provided where stable walking is achieved in a 5-link biped with series compliant actuation.
I. INTRODUCTION

I
N this paper, two main theorems are presented on the topic of effectively testing the stability of periodic orbits in systems with impulse effects. The results are motivated by the problem of achieving stable, periodic walking in bipedal robots [24] , [42] . The first main theorem details a set of physically meaningful sufficient conditions under which the stability of a gait is determined by a subsystem of the full model. The result is formalized by analyzing gaits as periodic orbits in nonlinear systems with impulse effects [6] , [45] , that is, systems modeled by an ordinary, time-invariant differential equation (ODE), a co-dimension one switching surface, and a re-initialization rule. Such models can be used to represent a wide range of systems with discontinuous or jump phenomena including walking and running gaits in legged robots. The method of Poincaré sections is the proper theoretical tool for analyzing the stability of periodic orbits in systems with impulse effects [13] , [19] , [34] , just as it is for ordinary differential equations. Early applications of the method of Poincaré sections in the study of stable locomotion are available in [26] , [27] .
When the method of Poincaré sections is applied to practical problems, it is common to see the Jacobian linearization of the Poincaré map estimated numerically and the exponential stability of a fixed point (i.e., a periodic orbit) deduced on the basis of the eigenvalues. This process can be unwieldy when stability needs to be evaluated repeatedly as part of an iterative procedure to design a feedback controller. Here, the method of Poincaré sections is augmented with notions of (hybrid) invariance, attractivity and time-scale separation in order to simplify its application to nonlinear systems with impulse effects. Related results available in [19] require that an invariant manifold of the ODE portion of a system with impulse effects be rendered finite-time attractive through a continuous, but not Lipschitz continuous, feedback [8] . To contrast, the first main theorem of this paper is based on significantly weaker hypotheses, allows the use of smooth feedback laws, guarantees the existence of required coordinate transforms, and provides an interpretation of the terms appearing in the linearization of the Poincaré return map.
The second main result of the paper is a constructive method for creating the hybrid invariant manifold required by the first main theorem. Hybrid invariance in a nonlinear system with impulse effects refers to a manifold being invariant under both the continuous (ODE) portion of the model as well as the discrete (reset) map of the model. Invariance in ordinary differential equations is a rich, well-studied subject, and the methods developed by Byrnes, Isidori, and others for the zero dynamics [11] , [28] , are well-suited for use here. The less-well-studied problem is how to achieve invariance under the discrete reset map. A novel type of dynamic extension of a system with impulse effects is developed for this purpose. The result is a truly hybrid controller for achieving hybrid invariance.
The remainder of the paper is as follows: Section II gives technical background on systems with impulse effects, periodic orbits, and the method of Poincaré Section III contains definitions of hybrid invariance and restriction dynamics and presents the first main theorem on the topic of reduced-dimensional tests for stability. Section IV develops the notion of parameterized extensions of systems with impulse effects and presents the second main theorem on the topic of constructing hybrid invariant manifolds. In Section V, the theoretical contributions of the paper are applied to the problem of stabilizing walking in a planar biped with series compliant actuation. Section V-A presents a motivation for studying this class of robots, Sections V-B and V-C contain information on dynamic modeling, and Section V-D discusses gait design via numerical optimization. 1 Conclusions are drawn in Section VI.
II. TECHNICAL BACKGROUND
This section reviews the definition of a system with impulse effects and introduces the two primary tools of analysis that are used in this paper: the method of Poincaré sections and the notion of a hybrid invariant manifold.
The method of Poincaré sections is widely used to determine the existence and stability of periodic orbits in a broad range of system models, such as time-invariant and periodically-time-varying ordinary differential equations [21] , [35] , hybrid systems consisting of several time-invariant ordinary differential equations linked by event-based switching mechanisms and re-initialization rules [19] , [34] , [37] , differential-algebraic equations [23] , and relay systems with hysteresis [18] , to name just a few. While the analytical details may vary significantly from one class of models to another, on a conceptual level the method of Poincaré is consistent and straightforward: sample the solution of a system according to an event-based or time-based rule and then evaluate the stability properties of equilibrium points (also called fixed points) of the sampled system, which is called the Poincaré return map; see Fig. 1 . Fixed points of the Poincaré map correspond to periodic orbits (limit cycles) of the underlying system.
A. Systems With Impulse Effects
To define a control system with impulse effects, consider a nonlinear affine control system (1) where is a control input for the impact map, 2 and and are, in words, the left and right limits of a trajectory, . A system with inputs into the vector field but not into the impact map (3) can be written as a special case of (2) with . Replacing the control system (1) with an autonomous system (4) and taking leads to a autonomous system with impulse effects
For compactness of notation, an autonomous system with impulse effects (5) will be denoted as a 4-tuple, , while a control system with impulse effects (2) will be denoted as a 7-tuple, . In simple terms, a solution of (2) or (5)is specified by the differential (1) or (4) until its state "impacts" the hyper surface at some time . At , the impact model compresses the impact event into an instantaneous moment of time, resulting in a discontinuity in the state trajectory. The impact model provides the new initial condition from which the differential equation evolves until the next impact with . In order to avoid the state having to take on two values at the "impact time" , the impact event is, roughly speaking, described in terms of the values of the state "just prior to impact" at time " ", and "just after impact" at time " ". These values are represented by and , respectively. A formal definition of a solution can be written down by piecing together appropriately initialized solutions of (1) or (4) . A choice must be made whether the solution of (5) is a left-or a right-continuous function of time at each impact event; here, solutions are assumed to be right continuous. Other useful notions of a solution can be found in [12] , [17] , [34] , [45] . Because we are interested in the local stability properties of periodic orbits, we will exclude Zeno, beating, and confluence behavior from the systems under study. For a treatment of these topics, see [4] , [22] .
B. Periodic Orbits and the Poincaré Return Map
Cyclic behaviors such as walking are represented as periodic orbits of systems with impulse effects. A solution of an autonomous system is periodic if there exists a finite such that for all . A 2 In Section IV-A, the control input v to the impact map is used to formalize a scheme of impact-updated control parameters used by a continuous feedback u. In the context of bipedal walking this allows step-to-step adjustment of the control strategy. When used in this way, the input v will not affect the physical impact that occurs when the robot's feet strike the ground. set is a periodic orbit if for some periodic solution . If a periodic solution has an impact event, then the corresponding periodic orbit is not closed; see [19] , [31] . Let denote its set closure. Given a norm on , the distance from a point to a set is defined as . Notions of stability in the sense of Lyapunov, asymptotic stability, and exponential stability of orbits follow the standard definitions as in [19] , [30, pp.302] , [34] . In a similar manner, a periodic orbit of the control system is defined as the set of points in traced out by a periodic solution of for some inputs and .
When using the method of Poincaré to study systems with impulse effects, it is natural to select as the Poincaré section. To define the return map, let be the maximal solution of (4) is an exponentially stable (respectively, asymptotically stable, or stable in the sense of Lyapunov) periodic orbit. Proofs for the case of exponential stability, asymptotic stability, and stability in the sense of Lyapunov are in [19] , [31] , [34] , respectively.
III. DETERMINING ORBITAL STABILITY ON THE BASIS OF A RESTRICTION DYNAMICS
This section identifies properties of the autonomous system (5) under which the exponential stability of a periodic orbit can be determined on the basis of a hybrid restriction dynamics. The key hypothesis will be the existence of an embedded submanifold that is invariant under both the continuous and discrete portions of the hybrid model (5) . The design of static and dynamic state variable feedbacks that create invariant submanifolds for systems modeled by ordinary differential equations is 3 Note that all periodic orbits discussed in this paper are assumed to be periodone. However, as it is stated in Theorem 0, the method of Poincaré sections applies to any period-n orbit, for n finite. a well-studied problem and plays a prominent role in the notion of the zero dynamics. How to design feedbacks that achieve invariance under the impact map in (2) is the topic of Section IV.
A. Hybrid Invariance and Restriction Dynamics
The following definitions formalize notions of hybrid invariance and restriction dynamics: (6) is called a hybrid restriction dynamics of the autonomous system , where and are the restrictions of and to and , respectively. For convenience, the system (6) will sometimes be denoted as . If a system has a periodic orbit lying in a hybrid invariant manifold then is a periodic orbit of the resulting hybrid restriction dynamics. In this case hybrid invariance of is reflected in the Poincaré map as
On the basis of (7), the restricted Poincaré map, , is defined as .
B. Local Coordinate Transforms
In the analysis of systems with invariant manifolds it is often helpful to define a set of coordinate transforms for the state space that locally represents a manifold as a coordinate slice. Suppose there exists a such a local change of coordinates that is defined in an open neighborhood containing the point and represents a -dimensional embedded submanifold as a coordinate slice of . For notational convenience, define and so that . In addition, let be the representation of the point in the local coordinates of , and assume that . Given , an -dimensional embedded submanifold of , suppose there exists a similar local change of coordinates that is defined in an open neighborhood containing the point and represents a -dimensional embedded submanifold as a coordinate slice of . For notational convenience, define and so that . In addition, let be the representation of the point in the local coordinates of , and assume that .
Having defined these coordinate transforms, let be the representation of in the local coordinates of so that by and define the restricted map as The impact map is written in these local coordinates as by . The partial map can be written in local coordinates as by .
C. Factoring the Sensitivities of the Transverse Dynamics
The following theorem identifies two features present in the linearized Poincaré map as evaluated at a fixed point lying in a hybrid invariant manifold. The first is an upper-triangular structure, which is immediate from the hybrid invariance of ; see (7) . The second, and more interesting result, is that the bottom right block is the product of and , which are the sensitivities of the transverse dynamics of the continuous flow and impact map, respectively. If either of the sensitivities or can be made sufficiently small, then the spectral radius of the return map will be determined solely by the restricted Poincaré map .
Theorem 3 (Structure of the Linearized Return Map):
Consider a autonomous system with impulse effects and assume there exists a , -dimensional embedded submanifold such that H3-i) is hybrid invariant; H3-ii) is a , -dimensional embedded submanifold of ; H3-iii) has a periodic orbit transversal to and contained in . Then, there exist a pair of local coordinate transforms 4 and that are defined in open neighborhoods and about the points and , respectively, such that when the Poincaré map of the system is represented in the new coordinates, its Jacobian 5 about the fixed point is (8) where is the sensitivity of the transverse dynamics of the continuous flow , and is the sensitivity of the transverse dynamics of the impact map .
The proof is given in the appendix. In conjunction with the method of Poincaré sections, the above theorem provides conditions under which the exponential stability of a periodic orbit of the restriction dynamics is inherited by the full model-the product of the sensitivity matrices and must have eigenvalues of sufficiently small magnitude. A less general version of this theorem was first presented in [31] and applied to 3-D bipedal locomotion in [3] . In the earlier work on hybrid invariance of [43] , finite-time convergence to an invariant manifold was assumed. Note that the result presented here effectively relaxes this condition to exponential convergence of the (hybrid) transverse dynamics at a "sufficiently rapid rate". Corollary 4 below is based on the observation that can be made small through sufficiently rapid convergence of the transversal dynamics to . The next section will address showing that this term can be made arbitrarily small by controlling the behavior of the impact map through the introduction of impact-updated control parameters. 6 Corollary 4 (Coordinate Independent Reduced Dimensional Stability Test): Consider a family of autonomous systems with impulse effects with the vector field of each member depending on a real parameter , . Assume that for each value of , Hypotheses H3-i-H3-iii are met and also that H4-i) the submanifold and fixed point are indep. of ; H4-ii) restricted to is independent of , so that for any ; H4-iii) there exists a function such that and , such that 7 ,
Then the restriction dynamics is independent of . In addition, there exists such that for , the following are equivalent: i) is an exponentially stable fixed point of ; ii)
is an exponentially stable fixed point of where and . The proof of the theorem is given in the appendix and shows that H4-iii is sufficient for achieving . In other words, for sufficiently small, an exponentially stable periodic orbit of the restriction dynamics , is an exponentially stable periodic orbit of the full model . The next result shows how to construct a closed-loop system meeting the hypotheses of Corollary 4.
Definition 5 (From [28] ) : An output has uniform vector relative degree at a point if i) for , ; ii) the matrix is invertible.
Corollary 6 (Feedback Design for Reduced Dimensional Stability Testing):
Assume that a control system with impulse effects , has a smooth output , , with the properties that H6-i) has uniform vector relative degree ; H6-ii) there exists a point such that , ; H6-ii) the distribution is involutive, where refer to the columns of . Then the set is a smooth embedded submanifold.
Moreover, for any and any scalar constants where is Hurwitz, the feedback (9) applied to renders forward invariant in the family of closed-loop systems for . In addition, the family of systems and the manifold satisfy conditions H4-i to H4-iii of Corollary 4.
The proof is given in the appendix. In the above Corollary, the controller (9) is designed so that solutions of the full system exponentially converge to the zero dynamics manifold more rapidly when smaller values are chosen for the controller parameter . Theorem 3 and Corollaries 4 and 6 provide precise guidelines for designing a closed-loop system where the stability of a periodic orbit can be determined on the basis of a restriction dynamics. This is of practical importance because the restriction dynamics necessarily has lower dimension than the full model, and in the case of bipedal walking controllers, the dimension is often significantly lower. The main obstacle to applying these results is achieving the property of impact invariance, which is addressed in the following section.
IV. ACHIEVING IMPACT INVARIANCE THROUGH HYBRID EXTENSION
Definition and Properties of Hybrid Extensions
Let be a control system with impulse effects 8 (10) where is the parameter update law of the deadbeat hybrid extension and . . This family of parameter update functions is desirable because of its properties described in the following remark:
A. Constructing Hybrid Invariant Manifolds
Remark 10: When is chosen to equal zero, the update law is such that for any (14) where . Furthermore, has the following two properties:
i) for any fixed , the value of is continuous in ; ii) for any fixed , the value of is independent of . The parameter update law as constructed provides the property of impact invariance of . In addition, the above remark can be used to show that the entries of the impact sensitivity matrix converge to zero (continuously) as the parameter approaches zero. Indeed the impact sensitivity matrix is identically zero when the parameter is zero 14 . This result is put to use in the following corollary that ties together the two main theorems of this paper. 13 Dependence of the parameter update law on will be emphasized using the notation v (x ).
14 Unlike the parameter which would lead to infinite gain at = 0, the parameter can be set to equal to zero without causing singularities.
Corollary 11 (Stability Testing of a Closed-Loop Deadbeat Hybrid Extension):
Consider the and dependant closed-loop deadbeat hybrid extension that is created as follows:
1) Begin with a control system with impulse effects 2) Apply Theorem 9 using the construction provided in Section IV-B to create an open-loop deadbeat hybrid extension
3) Apply Corollary 6 to the open-loop deadbeat hybrid extension to produce a closed-loop deadbeat hybrid extension . Let represent the Poincaré return map of the autonomous system and be as in (10) . Then, for and constant and sufficiently close to zero, the Jacobian linearization of as evaluated at a fixed point has the property that for and . Thus, the stability of the dimensional return map is determined by the dimensional return map , with
. A sketch of the proof is as follows: An autonomous system constructed in this way has a Poincaré return map that, when written in the coordinates of Section III-B and evaluated at a fixed point, will have a Jacobian linearization of which simplifies, by application of Remark 8, to As in the proof of Corollary 4, and by the properties outlined in Remark 10,
The corollary above is proven by noting two facts: first, that the eigenvalues of a block upper triangular matrix are the union of the eigenvalues of the diagonal blocks; and second, that the eigenvalues of a matrix are unaffected by coordinate transforms.
V. APPLICATION TO PLANAR BIPEDAL WALKERS WITH COMPLIANT ACTUATION
To give an application of the preceding theory, this section develops a class of models for planar robots with series compliant actuation (see Fig. 2 ), derives properties of these models as they relate to planar robots without series compliance, and provides a simulation study of a sample gait stabilized by the continuous-time feedback of Corollary 6 and the parameter updates of Section IV-B. As shown in Fig. 2 , a series compliant actuator is one in which a compliant element has been deliberately inserted between an actuated joint and its corresponding motor in order to increase its overall energy efficiency. The specific model used in simulation is based on a prototype robot that has been constructed in a collaborative effort between the University of Michigan and Carnegie Mellon University. One of the purposes of the robot, named MABEL, is to study the effects of series compliant actuation on achieving efficient, stable, planar walking and running motions. 
A. Motivation
Including springs in a legged robot is a well-motivated choice [1] , [2] . Introducing tuned springs into an otherwise rigid mechanism can significantly improve energy efficiency in two ways: within the strides of walking and running, springs can store and release some of the energy that would otherwise be lost as actuators do negative work, and at foot touchdown events, springs isolate reflected motor inertias from the energy-dissipating effects of rigid collisions.
However, obtaining the energetic benefits of compliance is not without cost: delivering torque through compliant elements poses several challenges for control design. There is an obvious increase in the degrees of freedom of the robot, and hence, the degree of underactuation. This is a widely recognized issue in robotics; see [5] , [38] , [39] and references therein. An additional challenge particular to legged robots arises from the impulsive effects occurring when the swing leg impacts the ground. Because of the higher degree of underactuation, previous results such as [43] are not applicable to bipeds with series compliant actuation, further motivating the theory of Sections III and IV.
B. Hybrid Models
As in [43, Sec. II], consider a bipedal robot consisting of links connected in a planar tree structure to form two identical legs with knees, but without feet, with the legs connected at a common point called the hips, and possibly other limbs (such as a torso, etc.). All links have mass, are rigid, and are connected in revolute joints (see Fig. 2 ). It is assumed that no actuation is applied between the stance leg and the ground, while all other joints are independently actuated, and hence there are controls. As shown in [14] , [15] , addressing the control of robots without actuation between the stance leg and ground is an important step in achieving anthropomorphic walking motions in robots with non-trivial feet and actuated ankles. Further details on the model are given in [43, Sec. II], along with assumptions on the walking gait (instantaneous double support phase, no slipping nor rebound at impact, motion from left to right, symmetric gait). A rigid impact is used to model the contact of the swing leg with the ground. To study the effects of introducing springs, a rigid model (without springs) is first derived, followed by a compliant model having series compliant actuation at each body coordinate.
The configuration coordinates of the robot in single support (also commonly called the stance phase) are denoted by . The method of Lagrange leads to the mechanical model for the rigid walker (15) where is the inertia matrix, contains Coriolis and centrifugal terms, is the gravity vector, and is an constant matrix with rank . Letting , and defining and in the obvious manner, the mechanical model is expressed in state variable form as (16) When the swing leg contacts the ground, an inelastic impact is assumed, giving rise to a jump in the velocity coordinates, which is computed as in [25] . So that the same mechanical model can be used independent of which leg is the stance leg, the coordinates must also be relabeled at impact, giving rise to a jump in the configuration variables as well; see [19] , [43] .
The hybrid model of the robot (stance phase Lagrangian dynamics plus impact map) is constructed by specifying a state manifold, , corresponding to physically reasonable joint configurations and velocities, the impact or switching surface the set of points where the swing leg height is zero and is horizontally in front of the stance leg, and the impact map is derived from the standard rigid-body collision equations in [25] . The corresponding system with impulse effects for the rigid model is . Assume now that the vector of torques applied to the robot model (15) is generated through a compliant model to form the DOF Lagrangian system (17) where is a vector of motor angles, is a vector of the relative angles corresponding to the actuated joints of the robot, is the vector of motor torques, is a diagonal matrix of (positive) spring constants and is a diagonal matrix of (positive) rotor inertias. Letting and , this is easily expressed as (18) Because the impact condition depends only on the position of the swing foot (which is independent of the motor variables), . Following [19] , [25] , the impact map has the form where is a joint relabeling matrix. Up to joint relabeling, the impact map imposes continuity 15 in the motor positions and velocities across the impact. The corresponding system with impulse effects for the compliant model is written as
C. Model Properties
Some properties of the mechanical models (15) and (17) are now summarized. These properties provide information on the stance phase zero dynamics of (16) and (18) . In the following, we choose configuration coordinates for (15) as , where references a position on the robot to the world frame (see Fig. 2 ). Recall that is the angular momentum of the biped about the contact point of the support leg with the ground.
Proposition 12: The stance phase models of the rigid and compliant robots have the following properties: a) the inertia matrix of (15) is independent of ; b) Equation (16) is globally feedback equivalent to where is the potential energy of the robot model (15) and are the elements of ; c) Equation (18) is globally feedback equivalent to The proof and the required feedback are given in [20] , and are based on [36] , [40] .
Proposition 13: Include the same vector of smooth output functions in the rigid model and the compliant model . Then the following hold, a) has uniform vector relative degree 2 for (16) if, and only if, it has uniform vector relative degree 4 for (18); b) the decoupling matrices depend only on and they are equal, that is ; c) for , ; d) if and has uniform vector relative degree 2 for (16), then the zero dynamics manifolds and restriction dynamics of (16) and (18) are diffeomorphic. Moreover, the zero dynamics manifold of (16) is (19) and in the coordinates , the restriction dynamics is (20) (21) for and . The proof is as follows: Parts a) and b) are immediate from Proposition 12. The calculation for c) is an application of the Sherman-Morrison-Woodbury formula [7] and is left to the reader. The first part of d) follows from [28, Ch.5] and (19), (20) , and (21) follow from [43] .
D. Designing a Gait, Outputs, and a Monotonic Function
Various computational methods have been proposed to design gaits for models similar to those used here. In order to implement the control methods of this paper on a robot model with compliance, , we need three things: a reference gait (periodic orbit), a smooth output that vanishes on the orbit and has uniform vector relative degree , and a smooth real-valued function that is strictly monotonic on the orbit and satisfies . The example gait of Fig. 3 was found by first choosing a family of output functions 16 parameterized by a vector of coefficients , namely (22) where is, in the following example, a 4 1 vector of degree Bézier polynomials. Gradient optimization was used to find a 4 8 matrix 17 of polynomial coefficients and an initial condition such that i) lies in a periodic orbit of the system under the state feedback controller ii) the outputs vanish on the orbit and have uniform vector relative degree 4 in an open neighborhood of ; iii) the coordinate is strictly monotonic on the orbit. In the presence of the geometric constraints of ii) and iii), numerical integration of the stance phase dynamics can be efficiently carried out on a lower-dimensional system, which is the stance phase zero dynamics. For a fuller description of related gait optimization procedures, see [33] , [41] .
When numerical optimization is successful, the index of coefficients , the resulting gait, and output function satisfy the hypotheses of Corollary 6. As a result, there exists a feedback such that the closed-loop system satisfies conditions H4-i to H4-iii of Corollary 4 and all the hypotheses of Theorem 3 except H3-i. This last condition is the most difficult to satisfy and, in general, requires parameter updates such as those developed in Section IV-B for Theorem 9 and discussed in the following subsection.
E. Achieving Hybrid Invariance
By Proposition 12, the compliant model is a dynamic extension of the rigid model, and hence by [28] , the problem of designing controllers to zero an output of the form (22) is, from a theoretical perspective, no more difficult for the compliant model than for the rigid model. In particular, parts (a) and (b) of Proposition 12 show that if an output function for the rigid model, , satisfies H6-i, H6-ii, and H6-iii of Corollary 6, then the same output function when used with the compliant model, , will also satisfy H6-i, H6-ii, and H6-iii of Corollary 6. Creating a forward invariant manifold is straightforward in each case.
However, the stability test of Theorem 3 requires the additional property of impact invariance of -which is significantly harder to achieve in the compliant model than in the rigid one, due to the higher relative degree of the output. For outputs having the special form of (22), when used with planar biped models with one degree of underactuation, a rigid impact map, and no compliance, it can be shown that any forward invariant manifold containing a periodic orbit is automatically impact invariant [42, Thm. 6.2] . Such a result does not hold for the compliant model, and in fact, we (the authors) have been unable to find even a single example of an output of the form (22) giving rise to an impact invariant manifold in the model with compliance, without the use of parameter updates. We conjecture that outputs of this form never give rise to an impact invariant manifold when actuation is provided through springs.
Theorem 9 shows how impact invariance can be recovered through the introduction of a discrete component to the overall control law, where a parameterized output is introduced and the parameters are updated stride to stride. This procedure gives rise to a manifold that is hybrid invariant, allowing the stability test of Theorem 3 to be carried out on an orbit that is a trivial lift of the original.
To contrast this result with previous work, in [32] we the authors found a parameterized output function, continuous-phase controller, and impact update law to render the resulting manifold hybrid invariant in a closed-loop deadbeat hybrid extension of a five-link robot model with compliance. In that work, the parameterized output function and appropriate parameter update law were crafted by hand and heavily exploited the fact that the underlying rigid model had only one degree of underactuation. Based strongly on spline-like transition functions, the constructive outputs proposed in this paper are significantly different from those used in [32] and the design procedure does not constrain the number of degrees of underactuation.
F. Simulation on a Five-Link Biped
A numerical example is provided here to illustrate the application of the theorems of this paper to the task of stabilizing walking in a five-link planar biped with series compliant actuation. A gait was designed following the method of [41] to achieve a forward progression rate of and to minimize an approximation of motor electrical energy consumed per distance traveled, subject to constraints on ground friction (coefficient of friction equaling 0.9), joint limits, etc. Parameters of the model are available in Table I and are estimates of the physical parameters of MABEL. In the model, all links have uniform mass distributions except the femurs, whose center of mass is from the hip joint. Fig. 3 gives a stick animation of the sample gait. Values of below each frame show that is monotonically increasing within a stride. The percentage value indicates the amount of total step time elapsed, which has a nonlinear relationship with . Rotor angles for the sample motion are shown in Fig. 4 . As required by the impact model, values of rotor position and velocity are constant across the impact event, up to joint relabeling.
The controller for stabilizing this gait was derived by choosing
and constructing an open-loop deadbeat hybrid extension, , from the compliant system, , Fig. 5 . Effects of the controller parameters and on the eigenvalues of the product of sensitivity matrices appearing in the linearized return map. As is held fixed and decreases to zero, the eigenvalues of the matrix product converge to zero. Similarly, as is held fixed and approaches zero, the eigenvalues converge to zero.
as described in Corollary 11. A closed-loop deadbeat hybrid extension, , was formed by applying the feedback , where and are the values of the coordinate just after and just before impact, respectively, as evaluated on the orbit. The function as required in the construction of Section IV-B, was selected to be a vector of degree splines 18 satisfying conditions P9-i to P9-v. Fig. 5 compares eigenvalues of the transverse sensitivity matrix of the closed-loop deadbeat hybrid extension at various values of and . As either or is held constant and the other approaches zero, the eigenvalues of the transverse sensitivity matrix converge to zero. 19 Once , the stability of the periodic orbit is determined solely by the partial map of (10), whose eigenvalues are unaffected by either or . For this example, the eigenvalues of the transverse sensitivity matrix are known in closed-form as for equaling the period of the orbit and the constant matrix found from the polynomial coefficients . The one nonzero eigenvalue unaffected by either or can be found as slope of at the fixed point; see Fig. 6 .
For parameter choices of and , the magnitudes of the eigenvalues of the transverse sensitivity matrix are well below one, the eigenvalues associated with parameter updates are identically zero (see (10) ), and the eigenvalue of the partial map is approximately equal to 0.55-indicating that the trivial lift is a stable periodic orbit in the closed-loop deadbeat hybrid extension . A visualization of convergence is given in Fig. 7 . The most important feature of this plot is that the parameters (i.e., coordinates) are indeed constant within a stride, and stride-to-stride they converge to zero. In the figure, the initial condition is marked with an asterisk and solution progresses from stride-to-stride in the direction of the arrow.
VI. CONCLUSION
Periodic walking gaits of bipedal robots can be modeled as periodic orbits in nonlinear systems with impulse effects, with stability of an orbit determined by linearizing a Poincaré return map and checking its eigenvalues. While numerical techniques can be used to find fixed points and to estimate the Jacobian linearization of the return map about a fixed point, generally, the computations are too cumbersome for use in feedback design. One solution is to design the feedback control law so that it induces a special structure in the closed-loop system [10] . This idea gave rise to the hybrid zero dynamics of nonlinear systems with impulse effects, where feedback is used to create an attractive, invariant subsystem of the hybrid model. Stability analysis of a periodic orbit can then be decomposed into the computation of the Poincaré return map restricted to the invariant surface (a lower-dimensional problem) and determining the required rate of convergence of the transverse dynamics to the invariant surface [19] , [43] .
The current paper presents two main results that extend the analytical techniques of the hybrid zero dynamics framework. The first is a new set of hypotheses under which the stability of a periodic orbit can be determined on the basis of a restricted Poincaré map. An improvement over [43] is the elimination of an hypothesis on the existence of a particular set of coordinates. In addition, the transverse dynamics are not required to converge to the invariant surface in finite time, but instead are allowed to converge at a "sufficiently rapid" exponential rate. This allows the feedback to be smooth, whereas before it was continuous, but not Lipschitz continuous. The second main result of the paper is a constructive method for achieving hybrid invariance for a much broader class of models than was allowed by [19] . In particular, the relative degree of each output is no longer required to be two and special properties of the impact or reset map 20 are no longer needed.
The theoretical results of the paper were demonstrated in the design of an exponentially stable, periodic walking gait for a robot with series compliant actuation. The presence of compliance allows periodic gaits that require less power for locomotion at a given speed, and hence the springs enhance autonomy. However, springs also increase the degrees of freedom of the robot, and hence the extent of its underactuation. For the example of a five-link robot with four actuated joints, the degree of underactuation becomes five. The additional degrees of underactuation pose a challenge for achieving impact invariance, that is, invariance of a surface under the impact map. Impact invariance is recovered by the use of a parameterized controller with impact updated parameters. The constructive controller design procedure of the paper was applied to a five-link robot and an exponentially stable gait was obtained.
APPENDIX
Proof of Theorem 3:
The (local) coordinate transform represents elements of the the submanifold in preferred coordinates, so that 21 (i) for any point 22 , , and (ii) for any point , . Similarly, the coordinate transform represents elements of in preferred coordinates: (i) for any , , and (ii) for any point , . The coordinate transforms and must exist by virtue of the fact that and are embedded submanifolds. Conditions H3-ii and the transversality portion of H3-iii are sufficient conditions under which the return map is differentiable at the point . Let and so that the Jacobian of the return map can be written as 20 Such as linearity in the "velocities" coordinates; see [43] . This flexibility is especially useful in the analysis of gaits with multiple phases. For instance, the generalized Poincaré map of the flight phase of running is not linear, in general. For details see [13] . 21 Facts (i) and (ii) are properties easily derived from the definition of preferred coordinates in [9, p. 76]. 22 By definition, the domain U of 0 is a subset of S and thus (U \ S) = U . To emphasize this fact, we prefer to designate the domain of 0 as (U \ S).
which, when evaluated at , reduces to (8) . By H3-iii, the fixed point lies within , and as a consequence of property (i) of , . By the definition of above and , implying that and proving the form of the upper left block of (8) . The hypothesis on hybrid invariance, H3-i, is a sufficient condition for (7) and (by property (i) of ) implies that at all points of its domain. Differentiation with respect to the coordinates gives , which is the lower left block of (8) . Applying the chain rule 23 
Proof of Corollary 4:
The first claim of the corollary is trivial to prove: the system restricted to the hybrid invariant manifold is independent of . By H4-i and H4-ii, the manifold is independent of and so is the vector field . For the second claim of the corollary, the method of Poincaré sections (Theorem 0) is used to establish a relationship between the eigenvalues of the Jacobian of a Poincaré map and the stability of the underlying orbit. Because they are unaffected by coordinate transforms, the eigenvalues of are equal to the 23 (24) Assume that (a fact to be proven below). In this case, for sufficiently small, the maximum eigenvalue of is equal to the maximum eigenvalue of , and by the method of Poincaré sections, the orbit is exponentially stable in the full system if, and only if, the same orbit is exponentially stable in the restricted system . To show that , invoke the convergence property of H4-iii in the application of Taylor's theorem in Lemma 14. To start, note that the function is differentiable and therefore locally Lipschitz continuous. That is, there exists such that for all in an open neighborhood of containing the point (25) The last line in the above is obtained using property (i) of the preferred coordinates given by (as used in the proof of Theorem 3). By property (ii) of , . Stated differently, such that Applying this to the last line of (25) shows that (26) Next, by the triangle inequality, for any in an open neighborhood of containing (27) Writing as the identity gives (28) for some finite (as is also locally Lipschitz (9) is independent of on the manifold and therefore the closed-loop flow when restricted to is independent of . Under the feedback (9), the manifold is exponentially attractive with -dependant convergence parameters and satisfying 24 and For a given , choose such that exists for all in the closed ball . On this compact set, the differentiable function achieves a minimum value. If necessary, further restrict so that this minimum value is strictly greater than one half of the period of the orbit . [29] for the partial derivative generalizes 25 to a formula for the Lie derivative (29) where and the summation is over the set of all n-tuples of nonnegative integer values satisfying
For use in (13) , let represent the summation of (29) over the index set so that with and ,
By property P9-i of , when and are such that , the value of is dependent only on and the parameters , and the notation becomes appropriate. For use in the proof of Lemma 17, let represent the summation of (29) over the index set so that with and
